in 



o 

(N 



^3 



The Accelerated Observer and Quantum Effects 

Roberto Casadio^ and Giovanni Venturi^ 

Department of Physics, University of Bologna, and 
Istituto Nazionale di Fisica Nucleare, Sezione di Bologna, Italy 



Abstract 
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O ■ An extended monopole detector at constant acceleration coupled to 



a massless scalar field is allowed to evolve quantum mechanically. It is 
found that while in the classical, followed by the point particle, limit the 



>• [ usual result {Unruh effect) is recovered, in the point particle (before the 

^ I classical) limit the detector decouples from the scalar field and therefore 

the effect disappears. 
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I. Introduction 

Hawking's remarkable discovery [1] that black holes evaporate due to quantum 
particle emission and behave as if they had an effective temperature of {Sir M)~^ 
with M the mass of the black hole also encouraged, because of the equivalence 
principle, the study of field theory in accelerated systems [2,3,4]. In particular it 
was found that a detector with uniform acceleration in the usual vacuum state of 
flat Minkowski space will be thermally excited to a temperature T — a/2 7r. 

In the derivation of the result [5] a massless, otherwise free, scalar field {(p) is 
linearly coupled to a particle detector. This then serves as a localized probe of the 
field which is assumed to be in the Minkowski vacuum. The detector is described 
by the DeWitt monopole moment [6] and evolves on a trajectory of constant 
acceleration. One then uses time dependent perturbation theory and examines 
the two point function of the scalar field in terms of the detector's proper time. A 
question which one can naturally ask is what happens if one considers detectors of 
finite extent which evolve quantum mechanically [7]. Such a model is considered 
in the next Section. We shall use units for which c and the Boltzmann constant 
are set equal to unity. 

II. An Extended Quantum Mechanical Detector 

The Lagrangian density describing the field (p and its interaction with a point- 
like detector in four dimensional Minkowski space will be given by: 

C^^ j dTS'"\x''-x^,{T))Q{T)ip{x^)-^ij^^^d^^d.^, (2.1) 

where x'^{t) defines the world-line of the idealized classical point-like detector, 
Q{t) represents its monopole moment at time r and S''^^ (x^^ — x^{t)) serves to 
transform inertial time integrals into proper time integrals. 
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Concerning x'^{t) it is convenient to introduce Rindler coordinates ^ and 
T (associated with the transformation to the accelerated frame) related to the 
Minkowski coordinates and x^ through: 



X 



a ^ e^^ sinh ar 



x^ = a ^ ^ cosh ar , 



(2.2) 



where the acceleration is in x^ direction and has a local value equal to a on the 
hypersurface C = ^ elsewhere. In what follows we set ^ = without 

loss of generality, further we denote by x[! and the corresponding Minkowski 
coordinates associated with this ^ = trajectory. The uniformly accelerating 
classical observer will then have a path given by x^, x^ (= Zc), with proper time 
T and xl{= Xc) = x\{= yc) = 0. 

In Eq. (2.1) we have the Lagrangian for the scalar field ip and its coupling to 
the detector, to this we should add a Lagrangian for the observer which leads to 
the desired solution for the classical path x^. A convenient Lagrangian yielding an 
action whose stationarity leads to the classical path is [8] (it is sufficient to just 
exhibit x^ = z since the acceleration is in that direction, and the corresponding 
Lagrangians L^, Ly along other directions are obtained by setting a = and 
replacing z hy x, y respectively): 



m 
2" 



dz 



I 2 2 

+ a z 



m 
~2 



•2 , 2 2 

z -\- a z 



(2.3) 



where m is the mass of the observer which is subject to a field of force mc? z cor- 
responding to an inverted harmonic oscillator potential and the total Lagrangian 
will of course be the sum of Eq. (2.3) with and Ly. Further the Hamiltonian 
associated with is given by: 



m 
~2 



•2 2 2 

z — a z 



(2.4) 



which is a constant along the path. At this point we shall further pursue the 
analogy with the harmonic oscillator and if we write the total wave function for the 
three-dimensional monopole detector in a factorized form '^(a;, r) r) '^(2;, r) 
where for each •0 we shall later consider a gaussian wavepacket, we then obtain a 
quantum Lagrangian density: 



X 



ihllj*{z,T)tp{z,T) — 
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2m 



dz 



m 



2 „2 



+ -a^z 



(2.5) 



which in the WKB approximation leads to the Lagrangian Eq. (2.3) [8]. We note 
the dynamics is associated with the z coordinate (and not X — X ^ X = y) thus 
again we have just exhibited the pertinent term in the total Lagrangian density. 
The corresponding terms for iIj{x,t) (^'(y, t)) are obtained from the above by 
setting a = and interchanging z and x (y). 

The inverted harmonic oscillator has been studied [9] and in particular the 
associated Green's function K{z, r; z', 0) can be obtained from the corresponding 
harmonic oscillator one through the replacement of the frequency of oscillation by 
i a. One then has: 

K{z,t;z',0) = 
ma \ ' I ima r/ ,2 



exp 



[{z' + z^) coshar - 2 z z'] 



27rih sinh ar J {2h sinh a r 

in which case if one begins with a gaussian wavepacket il^{z', 0): 



exp 
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(2.6) 



(2.7) 



one will obtain: 

lpiz,T) = 



(67ri/2)- 



ma 



\27rih sinh a T 



1/2 



TT 



1/2 



X exp< I 



P ^ cosh a T + 



( — i fi cosh o r) 



+ 0^ cosh^ a T 



1/2 



X exp 



464 \4b^ 

X (zq cosh ar — 2zzo — Az^ 0^ h'^ cosh a r) 

+ cosh^ a T 1 i^z — zq cosh a ry 



262 V 464 



(2.8) 



where j3 = ma/ {2% sinh a r) and: 



HI a 



(67rV2) 27rh sinhar + ^2 cosh^ar)'/' 
X exp< I + H cosh a T j (2; — 2:0 cosh a rj > 
^^e-«'(^-^^)', (2.9) 

where a = j3/\h + cosh^ar)^^^] and = zq cosh a t. It is clear that in 
the hmit for o; — > cxo the R.H.S. of Eq. (2.9) wiU tend to 5{z — Zc) and this suggests 
we replace C^p by: 

C^^j dT5(x°-X°(T))g(T)|V'(x,T)P|V.(2/,T)nV'(^,T)|VM 

-^V^^'d^ipd,^ , (2.10) 

where \'4^{x,t)\'^ (|'0(j/,t)P) is given by Eq. (2.8) with zq — a — Q and z replaced 
by X (y) and leads to S{x) {S{y)) for a{a = 0) — > 00. Thus in the limit for a — > 00, 
a{a = 0) ^ 00 Eq. (2.10) leads to Eq. (2.1). 

As usual [5,6] we shall suppose the detector has a discrete set of internal 
eigenstates described by vectors | E ) where E = corresponds to the ground 
state and evaluate the probability P{E) for the detector make a transition from 
the vacuum to an excited state of energy E {=huj) while the scalar field undergoes 
a transition from the Minkowski vacuum to any final state. One then has: 

P{E) = \{E\Q{Q)\Q)\^ r dr ^ dr' e'' ' ^'^ G{t,t') 

Jo Jo 

pL pL-2\T-L/2\ 

= \{E\Q{Q)\Q)f dT dte-'''^'^G{t,T) , (2.11) 

Jo J -L+2\T-L/2\ 



where, for convenience, we have considered a finite time interval (0, L) for the 
detector [10], defined r = T + t/2, r' = T - t/2 and: 

G{t, T) = ^3 ' / dx dx' dy dy' dz dz' {0\ (p{x, y, z, a;°) (p{x', y', z',x^^)\0) 

xexpj-ct - -a (;2 - 2;cj -7 (a: + ?/ j-7 +y)\ 
= ^^lJ1^ j dxdx'dydy'dzdz' e^p{-y^ (x'' + /) - 7' {x'' + y^)} 

{x — x')'^ + {y — y'Y + (-^ ~ ^'Y ~ (^c — a;^ — i e)^ 

where the unprimed (primed) quantities are evaluated at r (r') and 7 = a(a = 0). 
If we now define u = z — Zc — z' -\- z'^, v = {z — Zc + z' — z'^)/2, p = x — x', 
q = {x + x') /2, r = y — y' and s = {y + y') /2 one obtains: 

Git,T) = J dudvdpdrdqds _ ^2 _ 2^ A -^2 _ ,2 

X exp{-7'' [{q - Vl2f + - r/2)2] - 7^ [(^ + p/2)2 + (, + ^/2)2] } 
I 1 1'^ / \ 1/2 



X / dudpdr ^ 2 — i 2 ' 2.13 

J D — — 2u /\ — p'^ — r'^ 

where D = sinh^ [| (r — t') — i e] and A = — 2;^. 

We may now consider the integral over the time variable t of G: 

.L-2 \T-L/2\ 
'-L+2 \T-L/2\ 



j: 



dte-'''^^G{t,T) = 



,2 r .,./.,2^,/2 / _ xl/2 

e 



= -y d.dpdr-y rft^^ [^^) 



7^ + 7'^ 



f a'^a''^ 2 7^7'^ / 2 2^ 

^""n — 2^ /2 ^ - 2^ /2 (p + ^ ) 

X I a^ + a' Y + Y J_ ^ (2.14) 

(sinh ^ - u_^_ - ie) (sinh ^ - u_ - ie) ' 
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where we have inverted orders of integration and: 



= — [u sinh a T ± [u^ sinh'^ aT + u'^ + p'^ + r^) ^^^] 



a 



u ■ 



2 I 2 \ 1/2- 

sinhoTi ( cosh^ aT+- — ^ 



(2.15) 



which imphes the existence of poles at (we shall close the contour in the lower half 
plane): 

(2.16) 



a 



where n > and is purely real and is given by: 

tl = (-1)"- sinh-^w, 



(2.17) 



On performing the integral with respect to t in Eq. (2.14) using the theory 
idu 

f dte-'"^' G{t,T) = (2.18) 



of residues one has 

r.L-2 \T-L/2\ 



'-L+2 \T-L/2\ 

+ 00 



2 7rn 



o 
2 



■ u 



2lT^ u,—u 
n=l + 



e 



-i uj f. 



d e 



-i UJ f 



.(l+«2)l/2 (l+^2)l/2_ 

where we have omitted an integral along the contour which does not contribute 
for L large and N is the largest integer < (L — 2|T — L/2|)a/2 7r. Further: 



5^ = a'^ 
with: 



^ 1/2 



7± exp > 2^,2 



(2.19) 



CK, = 



l^ + b^ [(-l)"(l + w^)^/^ coshar + u± sinh a T]' 



4 PI 



-1/2 



(2.20) 



+ 6^ [(-l)"(l + w^)i/2 coshaT-u^ sinh a T]' 



-1/2 



(2.21) 



/3^ = ^ [(-l)"(l + «^)i/2 sinhaT + «^ cosh a T] ' 



(2.22) 



m a 

~2n 



[(-1)^(1 + ^2)1/2 sinhaT-«^ cosh a T] ^ 



(2.23) 



7± = tI = «± (a = 0) . 
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(2.24) 



Finally, for the transition probability Eq. (2.11) one will obtain: 

27rn 



P{E)=\{E\Q{0)\0)f [ dT I dudpdr^y] 

Jo J „_i 





+00 ^ a; 

e a 



2tt(cosli2aT+£^) 



2_|_^2 X 1/2 



X 



5+ sin(w(-l)"r) 5_ sin(w(-l)"r) 



(2.25) 



(l+«2)l/2 (l+«2)l/2 

and we note the appearance of the familiar Planck distribution factor. Concerning 
the above expansion we note that the first integral may lead to a divergence as 
L ^ 00 which as usual [5] can be eliminated by considering the transition proba- 
bility per unit time, further we observe that the u, p, r integrations are finite and 
we may now consider the limits for ^ ^ and 6^0. 

Let us first consider ^ — > 0, in such a limit one has that P'j. tend to 
infinity and the Compton wavelength of the detector will disappear from Eqs. 
(2.20), (2.21) and (2.25), which will however remain a complicated expression 
which nonetheless still exhibits a Planck distribution. The expression however 
simplifies if we then consider the 6^0 limit (point detector), indeed in such a 
case: 

, , , , ttV^ / 1 TT / {p' + r') 

lim lim , = lim exp< ^ > — — ■ exp ' 



b^oh^o ^ b^o^bcoshaT \ 26^ cosh^ aT j 262 ^\ 26^ 

= 7r^5{u)5{p)5{r) , (2.26) 

where we have omitted terms of higher order in {u, p, r) . The transition probability 
P{E) will then become: 

L N _27rn^_ 

lim limP(£;) = |(£;|Q(0)|0)|' / dT^Y.^ ^ ' (^.27) 

in agreement with previous results [5]. 

One may now consider the limit 6 — > 0, one then has: 

, / r 462/?2/?^2 

lim„5^ = lim 2 6/3^/3M-— — exp ^ 



X 2 TT 6^ Pi e-2 /^o (p' + r-') = , (2.28) 



where Pq = m/[h {u^ + + r^)-*^/^]. Since the tt, p, r integrals in Eq. (2.25) are 
finite and furthermore in this case so is the T integral even in the limit for L — > oo, 
one has: 

limP(E) = 0, (2.29) 

thus implying that a quantum-mechanically evolving point detector at constant 
acceleration decouples from the scalar field, which is rather surprising. 

III. Conclusion 

We have considered a massless scalar field coupled to a monopole detector 
which from a given time is subjected to a constant acceleration. For the detector 
we considered a gaussian wavepacket which we allowed to evolve according to an 
inverted harmonic oscillator potential corresponding to a constant acceleration. 
On examining the probability per unit time for the detector to excite itself due to 
the absorption of scalar quanta, we observed that on first considering the classical 
limit {h — > 0) and then the point-like limit for the detector we reproduced the usual 
results. If however one considers the point-like limit first the detector decouples 
from the scalar field. This rather surprising result is due to the fact that once 
quantum-mechanical evolution is considered another length enters the theory: the 
Compton wavelength of the detector (let us remember that we have taken 6, m, h 
and a as independent). 

Indeed in another, quite different, situation a similar result is obtained [11]. 
One considers, rather than the quantum electrodynamics of point particles, the 
point particle limit of a theory of extended particles and takes this limit on the 
quantum level rather than the classical level. Then, in the nonrelativistic approx- 
imation, such a method leads to a vanishing self-energy and to the absence of 
run-away and pre-acceleration effects. 

One may also ask oneself whether an approach such as the above is possible 
for a black hole. Since black hole evaporation essentially takes place in s-waves 
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one can make a 2-dimensional model for a black hole and near the event hori- 
zon the Schwarzschild metric can be put in Rindler form [2,6]. Thus one may 
hope that since the acceleration becomes infinite near the event horizon it could 
compensate the zero due to the point particle limit. However for the scalar field 
Wightman function in two dimension one has a logarithmic singularity rather than 
a pole; usually through integration by parts one changes it to a pole, but for our 
wavepacket case such an approach is considerably more involved. We hope to 
return to this point. 
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